The purpose of this article is to continue our study of q, ω-special functions, in particular three general q, ω-Apostol polynomials, which contain an extra parameter λ. We find complementary argument theorems, multiplication formulas and recurrence relations for the corresponding numbers. Furthermore, an explicit formula for the multiple alternating q, ω-power sum is found. These formulas are then specialized to q, ω-Apostol-Bernoulli and Euler polynomials.
We say that a function f (x) is n times q, ω-differentiable if D n q,ω f (x) exists. If we want to point out that this operator operates on the variable x, we write D q,ω,x for the operator. Furthermore, D q,ω (K) = 0, like for the derivative. Proof. This is obvious, since the definition of D q,ω is linear in the function.
We now introduce two basic sequences, which generalize the Ciglerian polynomials in [6, 5.5] . 
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The following names will be used for the ensuing q, ω-trigonometric and hyperbolic functions [8] . The two following formulas correspond to the formula Dx n = nx n−1 :
[11, 2.5], [21, (17) ] D q,ω (x) n q,ω = {n} q (x) n−1 q,ω .
(2.7)
[21, (18) ] D q,ω [x] n q,ω = {n} q [qx + ω] n−1 q,ω .
(2.8)
We next introduce two q, ω-analogues of the exponential function:
Definition 2.9. The q, ω-exponential function E q,ω (z) [21, (21) ] is defined by
The complementary q, ω-exponential function E1 q ,ω (z) [21, (26) ] is defined by
[z] k q,ω {k} q ! , |ω| < 1.
(2.10)
We have changed the name to E1 q ,ω (z) since E 1 q ,0 (z) = E 1 q (z) [6] . Observe that, as before, E q,ω (0) = E 1 q ,ω (0) = 1.
Theorem 2.10. [21, (19) ] The q, ω-exponential function is the unique solution of the first order initial value problem (2.12) Theorem 2.11. [21, (21) ] The meromorphic continuation of the q, ω-exponential function E q,ω (z) is given by
(2.13) [21, (26) ] The meromorphic continuation of the complementary q, ω-exponential function E1 q ,ω (z) is given by
3 On the q, ω-Addition with Applications to q, ω-Special Functions
In order to use these functions, we need to generalize the q-addition. The ordinary q-addition is the special case ω = 0. Just like for the q-addition, we use letters in an alphabet for the q, ω-additions. Equality between letters is denoted by ∼. In the following, beware of the fact that whenever we multiply the function argument x in (x) ν q,ω or in [x] ν q,ω by the constant a, we must also multiply ω by a. Definition 3.1. Let {f ν } ∞ ν=0 denote an arbitrary sequence of real numbers. The q, ωaddition for the sequences (x) k q,ω is defined by
The NWA q, ω-addition is defined as follows:
The NWA q, ω-subtraction is defined as follows:
The JHC q, ω-addition is defined as follows:
The JHC q, ω-subtraction is defined as follows: 
Proof.
Corollary 3.4. Four q, ω-additions for the q, ω-exponential function.
Theorem 3.5. The q, ω-differences for the q, ω-exponential functions are:
13)
Proof. This follows from the chain rule [9] .
The following umbral numbers can only be function arguments in formal power series.
In our second book [7] we introduced several new q-deformed number systems, semiring, biring etc., each with an extra index q. By a miracle, we can extend these number systems by adding another index ω. The proofs will be very similar, and we just state the definitions.
Definition 3.6. The Ward-ω number n q,ω is defined by
where the number of 1 on the RHS is n.
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Definition 3.7. An extension of [6, 4.70] : 15) where each partition of k is multiplied with its number of permutations. We have the following special cases:
Theorem 3.8. Functional equations for Ward-ω numbers operating on the q, omegaexponential function. First assume that the letters m q,ω and n q,ω are independent, i.e. come from two different functions, when operating with the functional. Furthermore,
Furthermore,
Definition 3.9. Let the q, ω-rational numbers Q q,ω be defined as follows: where k ≡ j 1 + 2j 2 + · · · + (n − 1)j n−1 , ∀j i ≥ 0. 
where k ≡ j 1 + 2j 2 + · · · + (n − 1)j n−1 , ∀j i ≥ 0.
For l = 1, formulas (4.1) and (4.2) reduce to single sums. In order to keep the same notation as in [6] , we make a slight change from [22, p.309 ]. The following definitions are special cases of the q, ω-power sums in section 8.2. 
Their respective generating functions are
Proof. Let us prove (4.5). We have
We have the following special cases:
s NWA,λ,m,q,ω (1) = σ NWA,λ,m,q,ω (1) = δ 0,m , The most general form of polynomial in this article is the Hahn-Appell polynomial, which we will now define.
for some q, ω-dependent convergence radius r = r(q) > 0, where 0 < q < 1.
The q, ω-Appell number sequence is denoted by
]. For f n (t, q, ω) = h(t, q, ω) n , the multiplicative q, ω-Appell numbers of degree ν and order n Φ ν,q,ω ∈ A q,ω are given by the generating function
It will be convenient to fix the value for n = 0 and n = 1:
Definition 5.3. Compare with [21, (31) ]. For f n (t, q, ω) ∈ R[[t]] as above, the multiplicative q, ω-Appell polynomial sequence {Φ (n) ν;q,ω (x)} ∞ ν=0 of degree ν and order n is defined by the generating function
of degree ν and order n is defined by the generating function
We next present generalizations of the three formulas [6, 4.107, 4 .108, 4.111].
[21, (30)] in umbral form:
Theorem 5.8. [9] Assume that M and K are the x-order and y-order, respectively. Then we have:
6 Three General q, ω-Apostol Polynomials
The following operators are generalizations of the NWA,A,q and ∇ NWA,A,q operators [7] . Definition 6.1. Let I denote the identity operator. The Apostol NWA q, ω-difference operator is given by
The Apostol NWA q, ω-mean value operator is given by
The Apostol JHC q, ω-difference operator is given by
The Apostol JHC q, ω-mean value operator is given by
2. An extension of [6, 4.112] :
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There are three similar formulas with the other previously defined operators.
We will now define three quite general q, ω-Apostol polynomials, which have some similarities with the Appell polynomials in Prabkakar and Reva [19] . Two of the names are chosen to resemble the Euler and Bernoulli polynomials. [13, p.4] , [10, p.203 ]. The generating function for the generalized NWA q, ω-Apostol E polynomials of degree ν and order n, E (n) NWA,λ,µ,θ;ν,q,ω (x), is given by
Several q, ω-Appell polynomials in this article are special cases of these polynomials, e.g. the q, ω-Euler polynomial is the case θ = 0, µ = 1.
Definition 6.5. The generalized JHC q, ω-H polynomials are defined by
Theorem 6.6. We have
NWA,λ,ν−1,q,ω (x), NWA = NWA ∨ JHC. (6.9) Theorem 6.7. A symmetry relation for the generalized q, ω-H numbers.
Equating the coefficients of t ν gives (6.10). 
The theorem follows by equating the coefficients of t ν {ν} q ! .
The following formula only applies for special values of the integers. where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 , m even, ν ≥ (θ − 1)n.
The theorem follows by equating the coefficients of t ν {ν} q ! . 
17)
where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 , m odd. 
18)
where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 , m even. Proof. We use the generating function technique. Put k = j 1 + 2j 2 + · · · + (n − 1)j n−1 . It is assumed that j i ≥ 0, 1 ≤ i ≤ n − 1. All zeros are neglected.
The theorem follows by equating the coefficients of t ν {ν} q ! . where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 in σ (l) NWA,λ,n−j,q,ω (m).
Proof. E (l) NWA,λ,µ,θ;n,q,ω by(6.13) NWA,λ,θ;ν,q,ω (x), is given by
NWA,λ,θ;ν,q,ω (x), θ ∈ N. where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 .
Proof. NWA,ν,q,ω (x) is given by
, |t| < 2π. JHC,ν,q,ω (x) is given by
The polynomials in (7.1) and (7.2) are q, ω-analogues of the generalized H polynomials. We prove this later in formula (9.19 ). The following recurrences hold:
H NWA,0,q,ω = 0, H NWA,1,q,ω = 1, (H NWA,q,ω ⊕ q,ω 1) k + H NWA,k,q,ω= 0, k > 1. We need not calculate the H JHC,ν,q,ω numbers, since we have the following symmetry relations:
For ν even, H NWA,ν,q,ω = H JHC,ν,q,ω . For ν odd, H NWA,ν,q,ω = −H JHC,ν,q,ω , ν > 1.
(7.7)
Lemma 7.6. Two q, ω-analogues of [18, (18) ].
Proof. Use formula (7.4).
Theorem 7.7. A q, ω-analogue of [18, p.489 ]. Let Φ (n) ν,q,ω (x) be a q, ω-Appell polynomial with x-order n and y-order 0. Then the following three q, ω-addition formulas hold: 
Proof. Use formulas [9] Proof. Use the generating function. This leads to the following recurrence for the NWA q, ω-Apostol-Bernoulli numbers:
These numbers are related to the Apostol-Bernoulli numbers [2] , rather than to the q-Bernoulli numbers. For a table of the NWA q-Apostol-Bernoulli numbers, see [7] . Three General q, ω-Apostol Polynomials
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A generalization of [6, 4.149] .
We note that the limits q → 1 and ω → 0 can be taken anywhere in the following theorems; see the subsequent corollaries. 
6)
where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 , and k q,ω m q,ω ∈ Q ⊕q,ω .
Proof. This follows from (6.24). Proof. Put n = 1 in (8.6). where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 , and k q,ω m q,ω ∈ Q ⊕q,ω .
Proof. Put λ = 1 in (8.6). where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 in s (l)
NWA,λ,n−j,q,ω (m).
Proof. We use the definition of q, ω-Appell numbers as q, ω-Appell polynomial at x = 0. We need not calculate the B JHC,λ,ν,q,ω numbers, since we have the following symmetry relation:
Proof. We use the definition of the generating functions. Proof. We have that t n (λE q,ω (t) − 1) n E q,ωt (xt) NWA,λ,ν,q,ω (x) are defined by
Assume that λ = −1. The poles in the denominator of (9.1) are the roots of E q,ω (t) = −λ −1 . We have
This leads to the following recurrence:
F NWA,λ,0,q,ω = 2 1 + λ , λ(F NWA,λ,q,ω ⊕ q,ω 1) k + F NWA,λ,k,q,ω= 0, k > 1. (9.3)
Observe that the limit λ → 1 is the first q, ω-Euler numbers. A table of the first NWA q-Apostol-Euler numbers is given in [7] .
The following two formulas are generalizations of [6, 4.202 Proof. We will use the q, ω-Taylor formula (5.10) twice, and then like in [15] , the factor λ disappears. Proof. We find that
NWA,λ,m,q,ω (2 q,ω y) {m} q ! . 
where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 , m odd.
Proof. This follows from (6.13). 
12)
where k = j 1 + 2j 2 + · · · + (m − 1)j m−1 , m even.
Proof. This follows from (6.15). 
